The spin echo approach is extended to include bio-complexes for which the interaction with dynamical noise is strong. Significant restoration of the free induction decay signal due to homogeneous (decoherence) and inhomogeneous (dephasing) broadening is demonstrated analytically and numerically, for both an individual dimer of interacting chlorophylls and for an ensemble of dimers. This approach is based on an exact and closed system of ordinary differential equations that can be easily solved for a wide range of parameters that are relevant for bio-applications. The femtosecond spectroscopic and measuring technologies, developed during last few decades, have allowed experimental scientists to examine very rapid dynamical processes, including those in biological systems. In particular, it was demonstrated that, even at room temperature, photosynthetic bio-complexes exhibit collective quantum coherence (CQC) during primary electron transfer (ET) processes that occur on the time-scale of some hundreds of femtoseconds [1] .
The femtosecond spectroscopic and measuring technologies, developed during last few decades, have allowed experimental scientists to examine very rapid dynamical processes, including those in biological systems. In particular, it was demonstrated that, even at room temperature, photosynthetic bio-complexes exhibit collective quantum coherence (CQC) during primary electron transfer (ET) processes that occur on the time-scale of some hundreds of femtoseconds [1] .
The CQC is resulted from the fact that the primary processes of exciton transfer and charge separation are so rapid (on a time-scale of a few picoseconds) that the environment does not have time to recombine the exciton and destroy the CQC.
One of the methods for studying the CQC effects in bio-systems is the spin echo spectroscopy, which was initially developed in the nuclear magnetic resonance [2] . This spin echo procedure allows one to reduce the effects of the "inhomogeneous broadening" (dephasing) and to increase the time of the signal generated by the transverse magnetization (free induction, FI). Recently, the spin echo technique has also been used to analyze quantum coherent effects in an ensemble of effective 1/2 spins (chlorophyll-based dimers) in photosynthetic bio-complexes. (See [3] , and references therein.)
During the last decade, it was recognized that the spin echo technique can be successfully applied not only to an ensemble of spins, but also to an individual spin, or to an individual two-level quantum system (TLS) [4] . In this case, inhomogeneous broadening is absent. But still one can partly suppress the broadening of the FI decay resulted from a pure dynamical (time-dependent) noise. In [4] [5] [6] [7] the spin echo approach was applied to a single quantum twolevel system -the superconducting qubit. In this case, the qubit is considered in the so-called diagonal representation, with the main characteristic being the energy gap (usually tens of gigahertz) between the ground and the excited states. The dynamical noise, acting on the qubit, is generated by the time-fluctuations of the electron charge, bias current, external magnetic flux, and other sources, and these all are relatively weak.
In contrast to a superconducting qubit, an individual effective two-level quantum system (a dimer) in a bio-complex is usually characterized in the so-called site representation, using such main parameters as the energy gap (redox potential) between the excited states of the chlorophylls realizing this dimer, and the matrix element of the dipole-dipole or the exchange interactions between these two excited states. Also, the dimer usually experiences a strong interaction with the protein environment, caused by dynamical noise (characterized by the reconstruction energy), that must be taken into account in bio-applications of the spin echo technique.
In this Letter, we analyze analytically and numerically the spin echo technique for both an individual dimer and for an ensemble of dimers in bio-complexes, for the case of strong inter-action with the dynamical noise. We show how both the dynamical and the inhomogeneous broadening can be suppressed by the spin echo pulses. Our conclusion is that even for strong dynamical noise, the spin echo approach can serve as the useful complementary spectroscopic technique for characterizing the biocomplexes that include both individual dimers and an ensemble of dimers.
We consider a dimer composed of the excited states of two chlorophylls, Chl1 and Chl2. We assume that each chlorophyll experiences a diagonal noise, provided by the protein environment, which is described by the random variable, ξ(t). In the site representation, the Hamiltonian of the system can be written as follows:
We also assume that noise is produced by the stationary random telegraph process (RTP) with:
, is the correlation function; σ, 2γ, and λ 1,2 , are the amplitude of noise, the decay rate of the correlation function, and the interaction constants with noise, correspondingly.
In the diagonal representation of the unperturbed Hamiltonian, we obtain the total Hamiltonian for the effective TLS,
where, σ x,y,z , are the Pauli matrices,
The dynamics of a TLS is described by two rates: the longitudinal relaxation rate, Γ 1 = T −1 1 , and the transverse relaxation rate, Γ 2 = T −1 2 . When the noise is weak, and the condition, τ c ≪ T 1 , T 2 , is satisfied (where τ c = 1/(2γ) is the correlation time of the noise fluctuations), one can apply Bloch-Redfield (BR) theory [8, 9] . In BR theory, the transverse relaxation rate, Γ 2 = Γ ϕ + Γ 1 /2, where Γ ϕ is the so-called "dephasing" rate. In terms of the spectral density of noise, S(ω), these rates are defined as follows [4] :
, we obtain the relaxation and dephasing rates provided by BR theory:
where the renormalized interaction constant, v = λσ, is introduced.
To study the quantum decoherence, we present the density matrix as, ρ(t) = (I + n(t) · σ)/2, where, n(t) = Tr(ρ(t)σ), is the Bloch vector. Instead of the Liouville-von Neumann equation for the density matrix, i ρ = [H, ρ], it is convenient to employ the equation of motion for the Bloch vector (we set = 1):
Here ω = v(sin θ cos ϕ, sin θ sin ϕ, cos θ), and Ω = (0, 0, Ω). Using the differential formula for the RTP [10] ,
where, R[t; ξ(τ )], is an arbitrary functional, we obtain from Eq. (2) the closed system of differential equations:
where, n ξ = ξ(t) n /σ. The average, ... , is taken over the RTP.
Homogeneous broadening. To characterize a dimer, we introduce the dimensionless parameter, ǫ = | tan θ| = |V 12 /(E 1 −E 2 )|. When ǫ ≪ 1, we will call the dimer "weakly coupled". In the opposite case, ǫ 1, the dimer is called "strongly coupled".
We first consider a weakly coupled dimer, so one can neglect the effects of relaxation. Introducing the complex vectors: m(t) = n x (t) + i n y (t) and m ξ (t) = n ξ x (t) + i n ξ y (t) , one can show that the solution of Eqs. (4) and (5) can be written as,
Here we denote by Φ(t) the generating functional of the RTP [10] . For the FI decay, it is given by [5] [6] [7] ,
where, µ = 1 − (v cos θ/γ) 2 .
FI decay. We call noise weak if the dimensionless parameter, η = |v cos θ/γ| ≪ 1. As it follows from Eq. (9), for weak noise, the decay rate of the non-diagonal averaged density matrix element (which characterizes the decoherence) coincides with Γ ϕ , provided by BRtheory. We call noise strong if η 1. In particular, when η > 1, the parameter, µ in Eq. (9) becomes imaginary, and the decay of the functional, Φ f (t), is accompanied by oscillations with frequency, γ|µ|.
Below, we compare the analytical solutions (6) - (8), when the transverse effective field (relaxation) is neglected, with the corresponding exact solutions obtained numerically from Eqs. (4) and (5). In numerical simulations, we put = 1. All energy-dimensional parameters are measured in ps −1 (1ps −1 ≈ 0.66meV), and time is measured in ps.
In Fig. 1 , the strongly coupled dimer was considered (θ ≈ 0.968, ǫ ≈ 1.45). One can see, that in spite of the noise is strong: η ≈ 1.13 (red dashed curve) and η ≈ 2.27 (orange dashed curve), the approximate analytical solutions (shown by blue curves), are in a good agreement with the exact numerical solutions. In the inset, the noise amplitude is relatively strong (v = 20), and the matrix element, V 12 , of the Chl1 and Chl2 interaction, is large: ǫ ≈ 8.24 (strongly coupled dimer). At the same time, the noise is weak: η ≈ 0.24, and the BR approach works. However, one cannot neglect the contribution from the transverse field to the decoherence rate, Γ 2 = Γ ϕ + Γ 1 /2. Indeed, in this case, Γ ϕ ≈ 0.3 and Γ 1 ≈ 0.48. That is why the approximate solution in the inset (blue curve) deviates significantly from the exact numerical solution (red dashed curve).
Our numerical simulations show that the analytical solution, given by Eqs. (6) - (8), is in a good agreement with the exact numerical solution, up to the value of ǫ ≈ 1.72 (θ π/3), in spite of the dimer is already strongly coupled.
Echo signals. For simplicity, we assume that the π/2 and all spin echo π-pulses act practically instantaneously. The spin echo pulse, applied at the time τ , rotates the wave function around the x-axis, by the angle π. The corresponding analytical solution can be written as, where, In Fig. 2 , the FI decay is shown for the transverse Bloch vector (blue curve). The N echo pulses are applied, partly restoring the FI signal, and reducing the homogeneous broadening. 03. The noise is strong in this case, η ≈ 1.13, and the dimer is strongly coupled, ǫ ≈ 1.45. As one can see from Figs. 2 and 3 , the homogeneous broadening of the FI signal can be significantly improved by applying the spin echo pulses for strong noise and for both weakly and strongly coupled dimers.
Simultaneous action of the homogeneous and inhomogeneous disorder. Here, in addition to dynamical fluctuations (noise, ξ(t)), we consider an ensemble of TLSs (dimers) with fluctuating parameters, (Ω, θ, ϕ), due to the static disorder. It is well-known that this leads to the inhomogeneous broadening of the FI signal decay. In our numerical simulations we assumed the independent Gaussian disorder for parameters, (Ω, θ, ϕ). Our numerical simulations demonstrate that the main contribution from the static disorder, for a wide range of parameters, is due to the fluctuations of the frequency, Ω. So, below we neglect the static fluctuations of both angles, θ and ϕ. We assume a Gaussian distribution for the random parameter Ω, denoting the dispersion by σ. Note that the results can easily be extended by including the static fluctuations of angles, θ and ϕ, in the numerical solutions of the exact Eqs. (4) and (5).
In Fig. 4 , we compare the results for the decay of the FI signal for three values of the dispersion, σ = 0, 10, 20, of static fluctuations of the frequency, Ω, and for the amplitudes of noise, v = 20, 40. The parameter, η ≈ 1.13, so the noise is strong in this case. In the inset, oscillations are observed with the period, T = 2π/γ|µ|, due to the imaginary value of the parameter, µ. The analytical solution, which includes the contributions from both, the static disorder and the dynamical noise, and corresponds to the spin echo signal applied at the time τ , can be written as, m(t) = Φ e g (t) m(0) , where In Fig. 5 , both static disorder of Ω and the dynamical noise, ξ(t), are included. The decay of the FI signal is shown by the blue curve. For our chosen parameters, the FI signal decays in approximately 200fs. The spin echo signal was applied at τ = 75fs. As one can see, the echo pulse restores significantly the FI decay (red curve). Note that for the parameters chosen in Fig. 5 , both dimensionless decay factors coincide at the characteristic time of the FI decay, t * = 200fs: γt * = σ 2 t 2 * /2 = 2. So, both homogeneous and inhomogeneous broadening are partly compensated in this case by the spin echo signal.
We presented the analytical and numerical results for spin echo pulses for the two-level systems (TLSs) -chlorophyll-based dimers in bio-complexes, embedded in noisy protein environment. We have shown that even strong dynamical broadening can be suppressed significantly by the spin echo pulses. This is important for many bio-applications at ambient conditions. We also demonstrated the restoration of the free induction decay signal by the spin echo pulses when both homogeneous and inhomogeneous broadening equally contribute to the free induction decay. The application of the spin echo technique is especially useful for biosystems with strong low-frequency noise, such as 1/f noise. Our approach can be easily generalized for this case, as was done in [7] , by introducing the corresponding ensemble of the fluctuators. Also, many different sources of dynamical noises can be included in the presented here approach (as was done in [11] ). 
